Preprint typeset in JHEP style - HYPER VERSION 



KIAS-P08028 
Imperial/TP/08/SK/02 



Dyonic Instantons 

in 5-dim Yang-Mills Chern-Simons Theories 



Seok Kim 

Theoretical Physics Group, Blackett Laboratory, 
Imperial College, London SW7 2AZ, U.K. 
s . kimOimperial .ac.uk 

Ki-Myeong Lee 

School of Physics 

Korea Institute for Advanced Study 
Seoul 130-012, KOREA 
kleeOkias . re . kr 

Sungjay Lee 

School of Physics 

Korea Institute for Advanced Study 
Seoul 130-012, KOREA 
s j leeOkias . re . kr 



Abstract: We consider the BPS dyonic instantons in the 5-dim supersymmetric Yang- 
Mills Chern-Simons theories. Its field theoretic structures and the moduli space dynamics 
in term of the ADHM data have been explored in detail. We find that the field theoretic 
Chern-Simons term leads to an effective magnetic field on instanton moduli space. 



Contents 

[l]. Introduction and Conclusion |l| 

{2[ 5-dim M = 1 Super symmetric Gauge Theories ^ 

|2.1| the Lagrangian [| 

2.2 Brane Configuration ^ 



2.3 Vacuum Moduli 



D. BPS Configurations [10 

11 BPS Energy Bound and BPS Equations llO 



3.2 BPS Configurations 13 



3.3 A Single Dyonic SU(N) Instanton 14 



Low Energy Dynamics 16 
|4.1| One-dimensional U(K) Gauge Theory 16 



4.2 Moduli Space Dynamics 19 
A Single Chern-Simons Instanton Moduli Dynamics ^l] 
Quantization of A Single Instanton Moduli Space 24 



|A] . the ADHM Formalism and the Higgs Solutions 26 



1. Introduction and Conclusion 



Dyonic instantons in 5-dim Yang-Mills theories in the Coulomb phase have been explored 
in many different point of view. Electric Coulomb repulsion balances the force to shrink 
instantons in the Coulomb phase [|], |2[ |j. Dyonic instantons in the Coulomb phase rep- 
resents a typical example of supertubes realized in a field theory. In the Coulomb phase, 
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it has been argued that dyonic instantons has magnetic monostrings imbedded interior 
along which distributed are instanton electric charge and linear momentum |||, B [6|, [?]. M . 
Recently dyonic instantons configurations are studied in 5-dim ]\[ = 1 supergravity model 
with nonabelian gauge group Q. A new feature is the 5-dim Chern-Simons term in the 
action, which leads nonabelian electric charge on instantons even in the symmetric phase 
without costing additional energy. 

In this work we investigate dyonic instantons in the 5-dim J\f = 1 supersymmetric 
Yang-Mills theories with Chern-Simons term. While the kinetic energy is not positive 
definite, we were able to characterize the 1/2 BPS supersymmetric dyonic instanton con- 
figurations which saturate a 'pseudo' BPS energy bound. The low energy dynamics of 
these dyonic instantons is described by the gauged matrix mechanics theory corrected by 
a simple background charge term, which reduces the number of supersymmetries to four. 
The moduli space dynamics of these dyonic instantons is a modification of the standard 
instanton moduli space dynamics by a term which is first order in time derivative and so 
can be attributed as a background magnetic field on the moduli space. We work out several 
examples to illuminate the various aspects of the dyonic instantons and also the quantum 
aspect of nonabelian charge for a single instanton in the symmetric phase. 

The 16 supersymmetric 5-dim U(N) Yang-Mills theories can arises from the low en- 
ergy dynamics of D4 branes. While these theories are not renormalizable, there exists an 
ultraviolet completion in terms of the field theory, the so-called (2, 0) theory compactified 
on a circle of radius g 2 /47r with the gauge coupling constant g, and the instantons play 
the KK mode on the circle. In the Coulomb phase, the instantons collapses. However, 
there exist regular dyonic instanton configurations in the Coulomb phase, which can be 
regarded as composite of Fl and DO branes on D4 branes. In the Coulomb phase, there is a 
potential induced on the moduli space dynamics without breaking the supersymmetry PJ. 
There is a natural induced D2 brane dipole charge which can be regarded as the magnetic 
monostrings inside the dyonic instantons, and so these dyonic instantons in the Coulomb 
phase is a typical example of a supertube. These dyonic instantons have been studied in 
detail |, 1, |J,g. 

The 8 supersymmetric 5-dim U(N) Yang-Mills theories with flavor hypermultiplets 
have been approached in somewhat differently as their brane counterparts are more com- 
plicated. When the flavor number is small, there can be a ultraviolet fixed point with 
enhanced global symmetries. The Chern-Simons term can be also induced by the massive 
hypermultiplet in the symmetric phase and by the massive gauginos and hypermultiplets in 



the Coulomb phase [1C]. The kinetic energy of the classical theory with the Chern-Simons 
term is not positive definite anymore when the scalar field is large. But one expects there is 
an ultraviolet complete theory for a small flavor case, for which the kinetic energy remains 
nonnegative [|Tc| [TT| . A complete classification of all possible nontrivial five-dimensional 
fixed points of gauge-theoretic origin as been give in Ref. p 



Such 8 supersymmetric 5-dim Yang-Mills theories can appear in the brane dynamics 
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as low energy dynamics of the D5- NS5 web dynamics |L3| , 14]. The additional massive 
fundamental hypermultiplets can be introduced either by spectator D7 branes or D5 branes. 
The integration of the massive hypermultiplets would lead to the Chern-Simons term. The 
instantons in 5-dim gauge theories with Chern-Simons term have been discussed briefly in 



relation to skyrmions in Ref. [15 



The 5-dim Chern-Simons term is possible for SU(N) gauge theories with N > 3, and 
for those gauge theories with U(l) factor. The Chern-Simons term can be induced by the 
massive fermions and its coefficient k should be quantized for the consistency of the path 
integral. On noncommutative four-space, the natural gauge group is U (N) and the Chern- 
Simons term is possible for all N. The instantons cannot collapse on noncommutative 
space, and the low energy dynamics described by the gauged sigma model is modified 
by the FI term, which makes the instanton moduli space smooth. While our primary 
focus is on dyonic instantons on commutative space, we will make some discussion for the 
noncommutative case also. (See ref. [ fl7f l for a review on the noncommutative field theory.) 

The 1/2 BPS dyonic instanton configuration is characterized by (anti-)selfdual instan- 
ton configurations. In the symmetric phase, the Gauss law leads to the electric field profile 
for a given instanton configuration. For a single instanton configuration in the SU(N) 
gauge theory we find the scalar field profile explicitly which is singular when the instanton 
size is less than of order Kg 2 . This shows that the ultraviolet cutoff length scale of the 
Yang-Mills theory with the Chern-Simons term is somewhat larger than the natural scale 
g 2 for large n. We do not know the stringy origin of this gap. 

The low energy dynamics of the K number of instantons for the 16 supersymmetric 
theories have 8 supersymmetric gauged sigma model with hypermultiplets in the adjoint 
and fundamental representation of U(K) gauge symmetry. The noncommutative space 
can be taken into account by the F-I term in this gauge theory without breaking any 
supersymmetry. We argue that the 5-dim Chern-Simons term in the field theory leads 
to a 1-dim Chern-Simons term in the gauged linear sigma model, which is basically an 
interaction term between the U (K) gauge field and the background charge. The coefficients 
of two Chern-Simons terms are identical up to an obvious multiplicative factor. This 1-dim 
Chern-Simons term also reduces the supersymmetry of the gauged sigma model by half. 
While one needs an ultraviolet completion of the 5-dim theory, the 1-dim gauged sigma 
model for dyonic instantons is complete by its own. This leads to a tiny gap for the electric 
charge energy calculated in the field theory and the gauged sigma model in the Coulomb 
phase. 

One can reduce further the gauged sigma model to nonlinear sigma model on the 
instanton moduli space by solving the vacuum equation of this sigma model and the gauge 
field equation. The 1-dim Chern-Simons term leads to a background magnetic field on 
the instanton moduli space. (This induced magnetic field was also noted in the context 
of the Nekrasov's instanton counting with 5-dimensional Chern-Simons terms |18[| .) We 
find this magnetic field on the instanton moduli space explicitly for a single instanton on 
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commutative and non-commutative spaces. For a single instanton on the commutative 
space, we quantize the moduli space dynamics and show what kind of the 'nonabelian' 
electric charge a single instanton can carry in the symmetric phase. 

Our theory allows also 1/2 BPS magnetic monostrings in the Coulomb phase. As in the 
maximally supersymmetric case, instantons and W-bosons are attracted to monostrings. 
In addition, one can get the linear momentum be induced on the monostrings. Similar to 
Ref. ||, we can easily obtain the BPS energy bound on magnetic monostrings with both 
instanton and electric charge density. This shows again the supertube origin of our dyonic 
instantons in the Coulomb phase. There is some investigation of the magnetic monostrings 
in the context of anomaly pM. Our work should shed some further light on the subject. 



There are a couple of directions one can explore starting from our work. The role of 
the instanton solitons in 5-dim Yang-Mills theories is not fully explored. In the Coulomb 
phase, there is a 1-loop correction to the Chern-Simons term due to the massive gauginos 
and hypermultiplets. This would lead to quantum modification of the characteristics of 
the dyonic instantons. 

When one of the spatial direction is compact, instantons or calorons can be decomposed 
into magnetic monopoles. Our dyonic instantons would be also decomposed into dyons. 
When the hypermultiplets are present and when the theory is in the Higgs phase, one could 
have the magnetic flux vortices and magnetic monopoles would be in trapped between flux 



vortices. |2(], 21] We expect similar composite objects in the theory with Chern-Simons 
term. 

The plan of this paper is as follows. In Sec. 2, we review the basic properties of the 
5-dim M = 1 supersymmetric Yang-Mills theories with the Chern-Simons term. In Sec. 3, 
we consider the 1/2 BPS dyonic instanton configurations from the energy bound point of 
view and solve the Gauss law explicitly for a single instanton in U(N) theory. In Sec. 4, we 
discuss the gauged sigma model with 1-dim Chern-Simons term and also the moduli space 
dynamics with a background magnetic field. In Appendix, we review some aspects of the 
ADHM formalism for instantons. 

Note Added: After this work has appeared in arxiv, a work of some overlap appeared 

m 



2. 5-dim Af = 1 Supersymmetric Gauge Theories 
2.1 the Lagrangian 

Let us fix the Lagrangian for 5-dim M = 1 supersymmetric gauge theories with the 5-dim 
Chern-Simons term by using the 4-dim M = 2 supersymmetric Yang-Mills theories. To find 
the supersymmetric counterpart for the Chern-Simons term, we consider the U(l) theory 
on a circle. The low energy 4-dim Lagrangian theory would have terms at most quadratic 
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in the spacetime derivatives. As the 4- dim theory has the eight supersymmetries, it is 
decided by the prepotential J 7 (A). Especially the A$ plays the role of scalar field and 
the 5-dim Chern-Simons term would be come the 4-dim axion-photon coupling term. In 
addition, five-dimensional gauge invariance highly restricts the prepotential to be at most 
cubic polynomial; Invariance under A§ — > A§ + a with a arbitrary real constants translates 
to invariance under the shift A — > A + ia of the chiral field A = (j) + iA$. Assuming the 
prepotential to have the cubic term A 3 so that 

F~A 3 (2.1) 

the 4-dim bosonic Lagrangian becomes 

C ~ -<t> [{d^f + (d^A,) 2 + \f^ v F^ + A, {jF^F^ +-.., (2.2) 

which is invariant under the constant shift A§ — > A§ + a. When the prepotential has terms 
higher than cubic order, the Lagrangian is no longer invariant under the constant shift. For 
instance, let us consider the quartic prepotential T = \A^. The Lagrangian now contains 

C ~ (</> 2 - A\) F^F*" + (2M0 + ■■■, (2-3) 

which is not invariant obviously under the shift A^ — > ^5 + a. 

We therefore conclude that the most general five dimensional super symmetric SU(N) 
gauge theory can be described by the cubic prepotential 

1 

y~" ' 3- 

- ^2 A a A a + ^d abc A a A b A c . (2.1.) 

Zg 6 



F(A) = tr N ( —A 2 + 



Here we used the convention for the traceless SU(N) generators T a as 

{T a ,T b } = jj5 ab l N + 4d abc T c . (2.5) 
so that trT a T b = S ab /2 . The bosonic part of the action is therefore 

S = j d 5 x tr( - -L^Ff" + 2D^D^ + S CS (2.6) 

^ "eff 



= -^liv + K</> , ( -4- J = -^£ a & + 2Kd abc (f> C . (2.7) 



with 

~~ 2~~ — ~~ 2 ""■■' v ' \ ~~ 2~~ / ~~ — 2 

#eff ^ \9 c f[/ ab 9 

The 5-dim Chern-Simons term is defined as 

S cs = ^ J tr ^AAFAF+^AAAAiAF- AAAiAiAA 

= ^jd 5 x e^(f hc AlF h vp Fl x + ...) , (2.8) 
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which allows only eight real supersymmetries rather than sixteen. The Gauss law constraint 
for all physical configurations is given by the traceless part of the following equation 

1 



-D m { — ,E m } - i (f),{^-,D (f)}} 
L 9 c s 



feff 

where E m = F m Q and the dual of the spatial field strength is 

F = l - 

1 mn — 2 



2 ^"li E mn — , 



(■mnpqEpq ■ (2.10) 



Of course the 5-dim Yang-Mills theory is not renormalizable as the coupling constant 
g 2 has the dimension of the length. We thus consider the field theory with cut-off while it 
is possible to imagine a consistent quantum completion of the theory such that additional 
degrees of freedom appears in the ultraviolet region in the energy scale larger than 1/g 2 . 
With the Chern-Simons term, another length scale Kg 2 > g 2 could be introduced. Later we 
will see the classical instanton configuration breaks down in some cases when the instanton 
size is less than the order of Kg 2 . 

The Chern-Simons coefficient is quantized for the consistency of the path integral. Note 
that the Chern-Simons term vanishes for the SU(2) gauge group as there is no nontrivial 
d a bc coefficient. When one makes a large gauge transformation with nontrivial homotopy 
as TT5(SU(N)) = Z for N > 3, the Chern-Simons term transforms so that the topolog- 
ical quantity for this homotopy group appears. The quantum consistency requires the 
quantization, 

k = ^ , (n € Z) , (2.11) 
where we call the integer quantity n as the Chern-Simons level. 

One important feature of the Chern-Simons theories is that the Chern-Simons cou- 



plings can be induced by the radiative quantum corrections by a massive Dirac fermion|23|. 
Let us consider an amplitude A involving three external non-abelian gauge bosons of mo- 
mentum p, q and — (q+p) together with gauge and Lorentz indices (a,/i), (6, v) and (c,p), 
respectively. The parity violating term can be expressed as 

A% = ~ j ^5 tr ^ k ■ - - —lv {k _ q y 1 + im l P {k+p) . 1 + im ) tr {T a {T b ,T c } 



i m 



16vr 2 



m 



W^Vtr (T a {T 6 ,T c }), (2.12) 



where the gamma matrices 7^ here should satisfy the Dirac-Clifford algebra relation {7^, 7^} 
with 701234 = i- One can therefore obtain the induced couplings after integrating out 
the Nf massive hypermultiplets 



^induced = sign(m) i ^ / d " x e^ 5 A a ^A b u d 5 A c p tr(T a T b T c 

= _ sign ( m )^_L J tr(AAFAF) . (2.13) 
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Taking account of four and five external gauge bosons diagram in additions, one can find 
the induced shift of the Chern-Simons level 

N f 

A« = -y (2-14) 

If the zeroth order Chern-Simons term vanishes, one requires the even numbers of hyper- 
multiplets for the gauge invariance. It agrees with the result in fl2]| . 

When the gauge group is U(N), the gauge coupling constant for U(l) theory and that 
for the SU(N) theory can be different in general. There could be also Chern-Simons terms 
for the purely £7(1) theory and the mixed term between SU(N) and the U(l) parts with 
different coefficients. On noncommutative 4-dim space, the gauge group however should 
be U(N) instead of the SU(N), and so there exist only one gauge coupling constant and 
also only one Chern-Simons coefficient. It is noteworthy here that, when we consider the 
noncommutative five-dimensional U(N) gauge theory, all traceless condition for SU(N) 
gauge symmetry should be dropped out. 



2.2 Brane Configuration 



In this section, we will present certain brane configurations describing the five-dimensional 
J\f = 1 supersymmetric gauge theory |l3|, [l4| with the Chern-Simons couplings. These 
configurations leads later a useful way to consider the low energy dynamics of dyonic 
instantons in terms of the dynamics of the D- branes corresponding to instantons. 

Let us start with two parallel solitonic (NS) fivebranes, N D5-branes suspended be- 
tween two NS5-branes. Their configurations are summarized in the table [l|. It is notewor- 
thy here that the brane configuration above preserves quarter of maximal supersymmetries, 
that is, eight real supersymmetries. Since D5-branes are finite in x G direction, their macro- 
scopic description is five-dimensional J\f = 1 G = SU{N) super Yang- Mills theories. The 
five-dimensional gauge coupling can be now described as 



1 Ax 6 



9 2 {^g s )(2nl s y 



9 



mass , (2-15) 



where l s and g s are the string length and coupling respectively. When D5 branes meets NS5 
branes, they form a (p,q) web of 5-branes, and so the U(l) group factor which is responsible 
for the motion of the center of the mass of D5 brane segments are frozen as discussed in 
1 24]. It would be interesting find out why this is not case when the noncommutativity on 



D5 branes are introduced. 

For the field theory decoupling limit, we should require the physical states in the field 
theory not to excite the Kaluza-Klein modes and stringy states. In other words, one must 
require the characteristic energy scale -j in the field theory to be smaller than 

?«™' < 2 - 16) 
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Table 1: Brane configuration for 5-dimensional TV = 1 supersymmetric gauge theories 

while taking the g s — > 0. One can therefore conclude that the decoupling limit is given by 

Ax 6 < g s l s . (2.17) 

When NS5-branes are far apart than l s , one can recover six-dimensional theories with 
various stringy effects. 

In five-dimensional gauge theories, there is an additional U(l)i symmetry of interests, 
whose conserved current takes the form 

1 



J 



tr (F A F) . 



(2.18) 



Its charge is the instanton number. In our brane picture, an instanton whose U{\)j charge 
is unit can be identified as a Dl-brane stretched along the x 6 direction. It is depicted in 
Fig. One simple way to check this identification follows from the agreement in the mass 

8vr 2 Ax 6 
g 2 g s {^h) 
where tdi denotes the tension of a Dl-brane. 



rmAx 6 , 



(2.19) 



In order to introduce massive Nf hypermultiplets, there are two options, of which (1) 
one is to add the Nf D7-branes whose world volume is parameterized by 01234789 coor- 
dinates and (2) another is to add Nf flavor semi-infinite D5-branes. Their configurations 
are also summarized in the table |l|, and depicted in Fig.l. As discussed in [25|, the open 
string modes connecting D5 with D7 branes for the case (1), or D5 with flavor fivebranes 
for the case (2) give rise to massive hypermultiplets of masses m = -^i- While introducing 
D7-branes changes the global property of the space-time geometry, which requires a more 



careful analysis in general, we ignore it here. For our discussion, either picture is fine [ 13 1. 



The Chern-Simons coupling can be finally introduced after integrating out these mas- 
sive fermions in the hypermultiplets. From D5 brane point of the view, it is exactly the 
induced Chern-Simons term by the massive Dirac fermions as discussed in the previous 
subsection. 

As a final comment, let us consider the Coulomb branch of the theories in the presence 
of the Chern-Simons couplings. In our brane setting, the Chern-Simons terms are in fact 
induced by integrating out the massive hypermultiplets. When we try to analyze the 
Coulomb branch of theory with those brane configurations, we therefore have to suppose 
that Higgs vevs, or distance between several D5-branes are much smaller than the masses 
of hypermultiplets or bx. 
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NS5-brane (a) (t>) NS5-brane 



Figure 1: Brane configurations for 5d supersymmetric gauge theory 



2.3 Vacuum Moduli 



We now in turn discuss the Coulomb branch of the present theories and non-trivial fixed 
points. In five- dimensional jV = 1 supersymmetric gauge theories, the Coulomb branch 
is parameterized by real scalar fields of vector multiplets. For the gauge group SU(N) of 
rank N — 1, the gauge symmetry is spontaneously broken down to U(l) r at a generic point 
on the moduli space. Weyl reflection symmetries implies that the Coulomb branch can 
therefore be identified with a Weyl chamber R^ -1 /W. 

We can naively expect from the gauge coupling of negative mass dimension that the 
low-energy effective theories on the Coulomb branch are trivial. Seiberg has however shown 
in 1 1C ] that under one-loop corrections there exist certain strongly-coupled non-trivial fixed 
point. Although those topics are not relevant in our discussion later, basic ideas will be 
presented briefly. 

For simplicity, let us consider the SU(2) gauge theory with Nf hypermultiplets of 
masses mi (i = 1, 2, • • • , Nf). For a generic value of (j>, a scalar field of vector multiplet, 
the induced Chern-Simons level is proportional to 

N f 

1 ~\ r 

"-induced = 2 sign(0) - - ^ ^sign(> - m,) + sign(> + m») , (2.20) 

i=l 

where the former contribution is from massive gauginos and the latter from massive hyper- 
multiplets. This implies that the effective gauge coupling ( |2.7| ), or metric on the Coulomb 
branch, takes the form as 



111 

9eS 9 



N, 



after finite constant shift of p-. We will assume from now on that all mass parameters are 
turned off. 

This metric implies that for Nt > 8, there is a singularity at a finite point d> ~ Jj in 

J 9 

the moduli space, reflecting the non-renormalizability of the present model. As discussed 
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in ||lO|| , non-existence of the singular points on the Coulomb branch for Nf < 8 implies 
the non-trivial fixed point together with the enhancement of global symmetries in the 
strong coupling limit g —* do. Possibility of those non-trivial RG fixed points for various 
models with higher rank gauge groups and the classification of them in accordance with 
the classification of singularities of Calabi-Yau threefolds have been presented extensively 
in 0,0]. 



3. BPS Configurations 



3.1 BPS Energy Bound and BPS Equations 



We now in turn consider the BPS bound for the present model. The energy functional now 
takes the form 



e 



cTxtrjv ( -9- r 

9eS 



1 



K + TiKn + {D <f>Y + (D r . 



(3.1) 



In order to make the energy positive definite, we will consider the family of the field 
configurations such that g 2 s >> 0. Thus we consider the region where the value of 1/g 2 is 
much larger than the value of K<p for the sake of argument. We rearrange the above energy 
functional as 



e 



<i 4 xtrjv( -9- 

9eS 



(E m - aD m (f>) 2 + -{F mn - aF, 



a 



+(F>o<t>) + a{E m , D m <j)} + -{F mn , F mn } 



> a I (i 4 xtrjv ( -5- r 



{ F m , D m + { F mn , F mn } 



where a = ±1. One can show from the Gauss law (2.9) that the total energy is bounded 
by 



£ > 



8ir< 



K + Qe 



(3.2) 



where the topological charge and the electric charge energy are defined respectively as 



K 



1 



16tH 



d x tijy (F mn F mn ) , Qe 



dS m ti N U{^,E m }) . (3.3) 



It should be noted here that the energy due to the electric charge vanishes in the symmetric 
phase where (j)^ = 0, even though the instanton can carry nontrivial 'nonabelian' electric 
charge. The bound is saturated by the BPS configurations satisfying the Gauss law 
and the BPS equations 



Fmn CxF mn — , E m OlDfn^ 



, D <P = . 



(3.4) 



In order to see that these BPS configurations preserve four super symmetries, let us 
consider the supersymmetry transformation rules of the theory. As discussed in section 
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2, the theory at hands has eight super symmetries whose the supersymmetric parameter 
satisfies the 6-dimensional Weyl condition 



r 012345 6 = e , (3.5) 

together with the 10-dimensional Majorana and Weyl condition. (Here we use the 10- 
dimensional notation for the Gamma matrices, and the gaugino field A also satisfies all the 
same conditions as e.) For the BPS configurations, the supersymmetric transformation of 
the gaugino field 

SX = l -T MN F MN e , (3.6) 

where A§ = (ft, is required to vanish. Imposing a supersymmetric condition compatible 
with the Weyl condition fl3.5|) 



r 1234 e = ae, or, equivalently T 05 e = ae , (3-7) 

one can recover the BPS equations (|3.4| ) 

Fmn ~ aF mn = , F m0 - aD m cft = , Dq(/> = . (3.8) 

This implies that the BPS configuration preserves the half of the supersymmetries. Unlike 
the N = 2 theories, there is a correlation between the sign of the instanton charge and 
that of electric charge in the jV = 1 theory, regardless the presence of the Chern-Simons 
term. 

Once we choose the gauge Aq = a<ft, the field configuration becomes static in time and 
the Gauss law (12.91) can be reduced to 



D m \ 4-, D m A + ^-F 2 mn = . (3.9) 

9eS i 2 



One can further reduce the Eqn. ( |3.9|) by using the BPS equations as the traceless part of 
the following equation, 

Dl$ = \F 2 mn , (3.10) 

where 

1 , k ( ,n tr^ J 



^^ + 2V N lN ) (3 - U) 
or, explicitly 

D m *$> = -^d a hcF mn F mn , (3-12) 

where $ = & a T a and <£ a = -^^{(ft) = jp(ft> a + Kd a b c (ft b (ft c . This scalar equation does not 
depend on the choice of a. Here we want to note that BPS equations ( 3.8 , 3.12j ) are exactly 
the same to those obtained from the SUGRA analysis 

Before closing this subsection, we now in turn present the physical charges of our BPS 
solutions. We have to define the electric charge more carefully in the present model. We 
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can usually read off the electric charge from the asymptotic behavior of the displacement 
vector V m = M- 

1 X 1 

V m = {^ r ,E m }- (trace part) = , x-t Qn + 0{-A, (3.13) 

47r z r 4 r 4 

where Qn is the 'nonabelian' electric charge of the system. Assuming that the BPS con- 
figuration is localized in the space and that the scalar field will fall off as 

0«t/ + 0(I), (3.14) 

where we choose the gauge where v' is constant, one can determine the asymptotic behavior 
of <E> from the Eqn. ( 3.13j ) as 



<«<>> 

The electric energy therefore becomes 

Q E = 2 J d 4 x d m ti N (<t>D m $) = tr(v'Q N ) . (3.16) 

Taking into account of the positive kinetic energy, we should consider the parameter region 
\v'\ « (ng 2 )~ l for the Coulomb branch so that 

v = v + — (v ) — ^r trN ( v > - v ■ ( 3 - 17 ) 

Our BPS configurations can also carry the conserved angular momentum 

Jmn — J d X {x m P n X n -P m ) 

= 2 I r 3 dSP [x m tr ($F np ) - x n tr ($F mp ) ) + 4 I o! 4 x tr ($F mn ) , (3.18) 

where we used for the last equality the expression of the linear momentum density 

P m = tr(F mp {E p , l/g 2 cS }) = 2d p tr(F mp <5>) . (3.19) 



The second term in Eqn. ( 3,lq ) can also be translated to the surface term as 



J d 4 x tr($F mn ) = r 3 (dS m a n - dS n a m + e mnpq dS p a q ) , (3.20) 

once the one- form a = a m dx m satisfy the differential equation 

(l + * 4 )da = tr(*F) . (3.21) 

The solution of the above equation for the BPS configurations will be presented in the next 
subsection. 
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3.2 BPS Configurations 



To find out the BPS configurations, we need to first solve the antiselfdual equation with 
a = — 1, 

Fmri Fmn — (3.22) 

The general solutions of the antiselfdual equations are given the ADHM method. In a 
given instanton background, one needs to solve the second equation ( |3.10|) . Fortunately, 
the general solutions of the second equations can be also found in terms of the ADHM 
data. 



Let us first summarize the ADHM method briefly. For details, it is referred to j26J. 
Starting with the constant matrices (q~i)N,K and (a m )K,K, one can construct a [N + 2K) x 
2K matrix 

A = q 2 ), M m e m ) (3.23) 

where e m = (a a , i) and M m = a m + lx^m- Note that e m e n = 5 mn + ir/^„cr a where selfdual 
t'Hooft tensor rf^ n satisfies, for instances, ri\ 2 = ^34 = 1- We introduce Vn + 2k,n(x) such 
that 

A f y = , V ] V = ljv . (3.24) 
The condition on the ADHM data requires that 

A" 1 " A = r\x)l 2 (3.25) 

with an invertible K x K matrix f(x). This implies the ADHM condition 

^mn[ a m>«n] +<j<?j% = 0, (3.26) 

where a = 1,2,3. The ADHM method leads to the hermitian gauge field to be 

A„ = iV^d^V (3.27) 

for the anti-instantons. 

As shown in appendix, the solution of Eqn. (3.1C) for the traceless scalar field is given 



= y\ l ,» \V-—(dllndetf)l N (3.28) 



by 

1 ' ¥ 

(£ - f f(x)) ®l 2 f 4iV 

where the constant matrices v and <p satisfy ti^v + ti k^P = and an inhomogeneous linear 
matrix equation, 

Lip + qivqA -8tt 2 k1 k = (3.29) 



8vr2 
9 2 



where Lc^ = -[a m , [a m , ip]\ - i{<Mi, 
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We now in turn express the physical charges of those BPS objects, dyonic instantons 



in terms of the AHDM data. From the leading order behavior of the scalar field $ ( 3.2£j ) 
at infinity 

v 1 / 8ir 2 , 1 , , v nK \ _ , 1 . 

* = ^ + ^(^(^-2 fe '^-^) + ° ( ^ ) ' (3 - 30) 

together with Eqn. ( |3.15 ), one can read off the following electric charge of the N x N 



matrix 

_ 8ir 2 (\ _\ nK 

Qn = —{^{qiqh'u} - qupqi) + -j-j- 1 N • (3.31) 

One can show from Eqn. ( |3.29| ) that the electric charge matrix Qn is traceless. We now in 
turn consider the angular momentum of the dyonic instantons. As shown in ||, one can 



solve Eqn. (3.21) using the various identities in the ADHM method 



u,„ -. % - tr (j{Pd m P - 8 m PP) + %>,a m ]f - ^emnpgdnf^fdpf^fdj- 1 /) , (3.32) 



where P = VV^ and J = p-diag (vn, pk^)- For the BPS configurations, the angular 
momentum ( |3.18| , 3~20| ) therefore takes the form as 



Jmn = -^^il^tr k (qivqj(a mn )ji^ + (1 + *4)tr k (p[a m ,a n }^\ . (3.33) 
3.3 A Single Dyonic SU(N) Instanton 

To be concrete, let us consider the profile of a single dyonic instanton in the SU(N) gauge 
theory. The solution can be obtained either by using the general solution presented in the 
previous section, or simply solving it directly in the single instanton case. While the former 
is discussed in appendix, we follow the latter. 

The 4iV-dimensional moduli space of an instanton is composed of 4-parameters for the 
center of the instanton position and 4iV — 4 parameters for the internal degrees of freedom. 
The internal part is a haper-Kahler cone over a tri-Sasakian space SU (N)/U(N — 2), where 
this symmetric space SU (N)/U (N — 2) is a quaternionic space su(2)xU{N-2) w ^ n a (2) 
fiber. The moduli space is spanned by moduli of the single SU(2) 't Hooft instanton, plus 
additional moduli which determines the way how SU(2) is embedded in SU(N). In this 
section we work in the 'regular' gauge, opposed to the singular gauge which is convenient 
for the ADHM instantons. 

The SU(N) single instanton gauge field is given as 

2x n 

An = T A = T fj —z— - , (3.34) 

r Z _|_ pZ 

where T a generates arbitrary SU (2) sub-algebra of SU (N) and r = y/xjxi- We can take it 
to be the following: 



ie abc T c , (3.35) 
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where 

U 2 .n = 6U 612 GlN = I Z 1 I , §i ■ e,- = <% . (3.36) 
y e 2 i e 2 2 • • • e 2 N J 1 " 1 

In addition to the SU(2) algebra, the generators T a satisfy the anti-commutation relation 

i sab sab 

{T\ T b ] = -6 ab U^U = —l N -—T, (3.37) 

where 

T=-l N -rfU . (3.38) 

The mutually orthogonal complex unit vectors contain 4N — 4 real components. Among 
these, the U(l) phase rotation — > eje lQ does not affect T a or A m , so we may regard a as 
a 'gauge' degree. Together with the remaining 4iV — 5 gauge-invariant degrees, the scalar A 
provides the desired 47V — 4 zero modes apart from the 4 translations that we ignore here. 



We are interested in the solution of the traceless part of Eqn. (3.10) for For a single 
instanton ( |3.34| ), the field strength can be described as 

Fmn = _|_ ^p^mn^ ' (3.39) 

from which one can obtain 

F L = p^4T"Z- = (^(^iv - 3T) . (3.40) 
Taking the ansatz for field as $ = F(r) T, the equation for can be simply reduced to 

9lF(r) = "7-^4 = ^ 2 ) 2 (k,g(r 2 + p 2 )) . (3.41) 
The solution for F{r) is therefore given by 

FW = fFT7P < 3 ' 42) 

in perfect agreement with that obtained from the ADHM method. 

Now we would like to obtain the scalar </> = (f> a T a from the above <3?. Our claim is 
that 4> is also spanned by the generator T only as T 2 — tiNT 2 /N oc T. Therefore we try 
<fr = h(r)T, and obtain the following equation for h(r): 

7 h{r) + \ ^r h{r)2 = F{r) ■ (3 - 43) 

The solution h]y(r) for the SU(N) gauge theory is 

h A {r) = g 2 F(r) (for N = 4) (3.44) 
IN If 1 N \ 2 2 N 
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where the sign in front of the square-root for the second case is fixed by requiring that 
(j) = at r = oo. 

To summarize, the scalar solution, and therefore the whole instanton solution in the 
presence of Chern-Simons term is classified into the following three cases: 

1. For SU(3), the scalar solution is given as 



3 / / 3 \ 2 3r 2 + 6o 2 



The solution is well-defined for all p > 0. 
2. For SU(4), the scalar is given as 



(3 ' 47) 



3. For SU (N) with N > 5, the solution is given as 



1 N i(l N \ 2 N r 2 + 2p 2 

hN{r) -^W^l~\j\^lV^4) ~ N-4(r 2 + p 2 ) 2 ■ (3 - 48) 

The solution is well-defined at all r > only in the background of large enough 
instanton, namely, 

,2A=y^V. (3.49) 
For p smaller than this value p c , there is no real solution (f>{r) for r < vq, where 

4r 2 = p\ - 4p 2 + ^fpJ+W A ■ (3-50) 

For large k, there is however no meaning of the classical instanton of size of order Kg 2 = 
ng 2 /8ir 2 , which is quite bigger than the ultraviolet scale g 2 . Although the UV completion 
of theory, or the reliable UV description of those solutions, seems to be important, we will 
not discuss about it any more. 



4. Low Energy Dynamics 

4.1 One-dimensional U(K) Gauge Theory 

The 16 supersymmetric SU(N) gauge theory arises from the low energy dynamics of iV D4 
branes. It is well- known that the four-dimensional K instanton solitons are realized as K 
DO branes on D4 branes. The low energy dynamics of instantons can be described by the 
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one-dimensional U{K) gauge theory with eight supersymmetries. The bosonic part of the 
Lagrangian is 

C = 4f tr^j (D a m ) 2 + \D qi\ 2 + [ip,a m ] 2 - \(<pqi - qi,v)\ 2 

+c {D W ) 2 + c {D a f + D a (a^qjQi + irf mn [a m , a n }) - CD a ) , (4.1) 

where M = 8tt 2 / 1 g 2 denotes the instanton mass parameters. This Lagrangian also has a 
SU(N) flavor symmetry, understood as the gauge symmetry in the five-dimensional gauge 
symmetries. Under the flavor symmetry, the hypermultiplet scalars qi,i = 1,2 (K x N 
matrices) transform as 

q l - q[ = q t U (U E SU(N)) . (4.2) 

Another hypermultiplet scalars a m ,m = 1,2,3,4 denote the matrix position of K instan- 
tons on D4 branes. There are two controllable parameters of the present model of which 
one is the N x N hermitian matrix v, representing the positions of iV D4-branes, and 
another is the Fayet-Iliopoulos parameter £, necessary for the noncommutative field the- 
ory. As well as the gauge symmetry U(K) and flavor symmetry SU(N), the theory has 
£0(4) ~ SU(2)r x SU{2) global symmetry. For instances, a m furnish a vector repre- 
sentation under £0(4) while qi are in a fundamental representation under SU{2)r- The 
arbitrary parameter c of dimension mass 41 can be determined from this D0-D4 system by 
c = 2ir/(2irl s ) 4 . 

In this work, our 5-dim theory has 8 supersymmetries and a Chern-Simons term. 
Instantons of our theory is again 1/2 BPS with now four supersymmetries and so their 
property will be different from those from 16 super symmetric theories. One may wonder 
what the low energy dynamics of instantons with four supersymmetries. As far as the 
classical feature is concerned, our analysis of the BPS equations tells us that the gauge 
field configuration does not change. Only our instantons now carry some electric charge due 
to the Chern-Simons term. Thus we expect a simple modification of the above Lagrangian 
may suffice. Indeed, here we argue that it is sufficient to add to the Lagrangian fl4.l|) the 
following 1-dim Chern-Simons term 

C cs = ntv K (A - ip) . (4.3) 

Let us first look at the supersymmetry. Note that a m , qi are hypermultiplet and ip, 
are part of the vector multiplet. In 10-dim notation for the vector multiplet, the above 
Chern-Simons term is invariant under supersymmetric transformation 

S(A -<p) = A(r - T 5 )e = AT (1 - r 05 )e = (4.4) 

if r 05 e = e . Thus imposing additional condition on the spinor parameter breaks the su- 
persymmetry to half. It is to be noted that the 1-dim Chern-Simons term introduces a 
background electric charge to U(K) theory. With the presence of the fundamental repre- 
sentation of U(K), the invariance of the path integral amplitude under a local U(l) gauge 
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transformation e i27rA (') T such that A(oo) — A(— oo) = 2irl where T = diag(l, 0, 0, ...0), leads 
to the quantization n 6 Z. 

We then consider the stringy origin of the one-dimensional Chern-Simons term (|4.3|), 
From our D-brane picture in section 2, the instantons were identified as Dl-branes stretched 
between NS5-branes. The open strings connecting flavor D7 or D5 branes to Dl-instantons 
leads to the massive fundamental hypermultiplets in the matrix model (|4.1| ). Their one-loop 
effect indeed induces the very 1-dimensional Chern-Simons term. 

The ground state should have the lowest energy. First of all the D-term equation 
implies that 

D a = ^(C - iV a mn [a m ,a n ] - a^qt) . (4.5) 

Since the Chern-Simons term does not affect the energy, the energy of the Lagrangian 
Lq + L cs can be rearranged as 

£ = — tr#j (D a m +i[(p,a m \) + \D qi + i (ipqi - q { v)\ +c(D tp) +c(D a ) j 

n i 
+ — 



Ml 



+Mtr^ - i [a m ,D a m ] - ^(qiD qi - D^qi 

M ( / - - \ 1 , 

+— tr N ^t (Doqiqi - qiD qi) vj (4.6) 

After using the Gauss law constraint 

Af( - i[a m , D a m } - ^(qiD qi - -D %%)) + nl K = , (4.7) 
we can obtain a BPS bound on the energy 

£ > tx N (vQ N ) , (4.8) 
where the SU (N) flavor charge is given by 

Q N = mQ(D %% - QiDoqi) ~ 7^toN(Doq~iqi - qiD qi)l N ^ . (4.9) 



The BPS configurations which saturate the bound should satisfy 

cD a = C - Vmni a m, a n ] - a^qjQi = (4.10) 

which is nothing but the ADHM constraint. We started with 4X 2 -parameterized a m and 
4NK parameterized qi. Imposing the 3K 2 ADHM constraint and taking out K 2 U(K) 
gauge degrees of freedom leads to 4KN moduli-space coordinates za,A = 1, 2, AKN. 
The solutions of the above equation would be given by a m {zA) and qi(zA)- The rest of the 
BPS equations are 

D a m + i[(p, a m ] = 0, L> <7i + i(<PQi - Qiv) = 0, D ip = . (4.11) 
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In the gauge Aq = ip, the configuration is static in time, besides qi ~ q^e™ 1 . For the BPS 
configurations, the Gauss law becomes 



M 



[a m , [a m , (f]} - ^{qtqi, <p} + qivq^j - 8t: 2 k1 k = , (4.12) 



which is identical to Eqn. (3.29) in the field theory, once we noting that 8tt 2 k = n. This 
leads to a further support for the validity of our low energy Lagrangian for the instanton 
solitons. As the kinetic part for ip is positive-definite, the solution would be a linear 
combination, 

ip = (Pv(za) + <Pk(za) (4.13) 
where Lnp v + qivqi = and M~Lip K — 8tt 2 k = 0. 

Let us now in turn consider the various charges that the BPS configurations can carry. 
The traceless SU (N) flavor charge ( [4.9D becomes 



(1 \ TlK 

WQi ~ ^{QiQi, v}) + Itv , (4.14) 

which is in the agreement with the electric charge ( |3.31| ) of the dyonic instantons. We then 
compute the angular momentum of this half BPS solution 

Jmn = -iMtr Q {qiDoqj - D qiq~j) (^mn)j, + {D a m a n - a m D a n )^ 
= -iMtr Q (qivqj - fqiqj) (&mn)ji + 2ip [a m , a n ]^j 

= -iMtr Q {qivqj) (a mn )ji + (1 + *4) (<P [a m , a n ])^ , (4.15) 

where for the last equality we used the ADHM constraints (4.1C). This angular momentum 
agrees again with the result ( 3.33 ) in field theory analysis. It is therefore conceivable to 
identify the dyonic instantons with the BPS configurations of the present 1-dim gauge 
theory. 



4.2 Moduli Space Dynamics 



The vacuum configuration modulo the gauge equivalence is the moduli space. The low 
energy dynamics is described by the nonlinear sigma model of the moduli coordinates. For 
the K instantons of the SU (N) gauge theory, the nonlinear sigma model is characterized 
by the 4JfiV-dimensional hyper-Kahler space, with several Killing vectors for symmetry of 
the instanton moduli space. The Coulomb phase leads the natural potential on the moduli 
space. We argue that the 1-dim Chern-Simons term leads to the magnetic field on the 
instanton moduli space. We may wonder how the Chern-Simons effect can be realized in 
the moduli space dynamics. In terms of the moduli space coordinates z A , the dynamics 
can be described by the Lagrangian 

L = M-g AB ( z )z A i B + nz A A A {z) - U{z) . (4.16) 
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(A similar magnetic field has appeared in the moduli space of magnetic flux vortices in the 
Abelian Higgs model with a background charge and a Chern-Simons terms [p7f|.) 

The metric for the moduli space can be determined by the standard procedure. We 
start with ignoring the effect of the Chern-Simons term k and the vacuum parameter v. 
One way to approach is to put the initial field configuration, 

a m (z), qi(z), (4.17) 

determined by the moduli coordinate, and its time derivative 

D a m = d a m - i[A ,a m ] = z A D A a m = z A (^-^ - i[A A , a r 

■a( d< H 



D qi = d qi - iA qi = z D A qi = z [r^z ~ K^-AQi ~ Qij , (4.18) 

which is given by the velocity of the moduli coordinate. The initial configuration should 
satisfies the Gauss law constraint ( [4.7D , implying that 

~LA = - i[a m doa m } - -(qid qi - 9 %%) • (4.19) 

Inserting this initial field configuration back to the U(K) gauge theory Lagrangian (|4.1|), 
one can obtain the metric on the moduli space 

9ab{z) = tv K [p A a m b B a m + -(b A q i I) B q i + DsqiDAqi)) ■ ( 4 -20) 



With the Chern-Simons term and the vacuum expectation value v, we modify the field 
velocity of the previous initial field configurations to be 

D a m = b a m - i[AAo,a m ], D qi = D qi - iAA qi (4.21) 

and suppose the scalar field 93 relaxes to the lowest energy configuration <p = ip K + ip v as 
before. The Gauss law and the scalar field equation tells us A^o = (p K and the U(K) gauge 
theory Lagrangian now can take the form as 

L = ^-g A BZ A z B + 8vr 2 K (i - ip v ) - U(z) , (4.22) 

from which one can find various corrections to the instanton moduli space dynamics. Defin- 
ing the gauge field in the moduli space to be 

A A {z) = trjcL-^-i^^J-^ft^-^ft)) , (4.23) 
the Chern-Simons term becomes 

8tt 2 k tr^(io) = 8vt 2 k ^z A A A {z) . (4.24) 

A 
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Finally the potential term 

U(z) = ^tr K ^-[a m ,ip v ] 2 + (ip v qi-qiv)(qiip v -vqi)^ = ^-tiK^-^vqiVqi + qiV 2 ^ (4.25) 

is of order 0(v 2 ) correction. As well as 0{n) correction 8tt 2 kAq, there is of O(kv) correction 
— 8ir 2 Kip v . 

We can find the Killing vector related to the SU(N) gauge symmetry and the potential 
more explicitly. We choose the Higgs vacuum expectation value v to be diagonal. The 
unbroken {/(l)^ 1 generators are N — 1 traceless matrices T a such that tvT a T b = 5 ab /2 
and v = v a T a . The ^/(l)^ -1 phase rotation (4.2) of the matter part qi is U = e^ aTa , which 
leads to the cyclic coordinates £ a an d the N — 1 commuting Killing vectors, 

xi-st-W (4 - 26) 



With some effort similar to the discussions in Ref. [28], one can show that the moduli space 
dynamics ( gjp b ecomes 

L = ^ 9 abz A z b + 8n 2 K (z A - G A )A A - ^-g A BG A G B , (4.27) 

where G A = K^v a . This moduli space dynamics is of order z 2 , kz, kv, v 2 . We have ignored 
other higher order corrections. Calling the rest of the relative moduli space coordinates y l , 
we can re-express the above low energy dynamics as 

L = y My W + y My)(C + fat (y))(C 6 + y j ^(y)) 

+8vr 2 K y%(y) + 8vr 2 K (( a - v a )V a (y) - ^-k ab (y)v a v b (4.28) 
with appropriate redefinition of the various terms. 

Now one can easily give a BPS bound on the energy related to the above Lagrangian 
and can obtain the ground state energy as 

Eground = V a p a (4.29) 

where p a is the canonical momentum related to the cyclic coordinates. This ground state 
energy is equivalent to the minimum of the bound ([4.8|). The BPS ground state configura- 
tion satisfies 

f = , C = v a (4.30) 
It would be interesting to find the super symmetric extension of the moduli space dynamics 



(|427D . 



4.3 A Single Chern-Simons Instanton Moduli Dynamics 

Let us consider the moduli space dynamics of a single instanton. As discussed before, its 
moduli space is a 4A r -dimensional hyper-Kahler manifold. For generality, we will turn on 
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Chern-Simons level k and noncommutative parameter £, but will stay in the symmetric 
phase v = 0. It implies that we will analyze the moduli space of a single instanton in 
the U(N) gauge theory on noncommutative R 4 space rather than commutative space. We 
can of course take the commutative limit to the SU(N) gauge theory instanton by letting 
C — > together with decoupling U (1) factor. The single instanton moduli space for U(N) 
gauge group is known to be the Calabi space of dim 4N which is complete nonsingular 
hyper-Kahler space with cohomogeneity one. 

Before the detailed analysis, we first summarize the conventions used in Ref. |E| to 
find the moduli space metric. For the invariant one-forms L % ■ of SU(N)(c U(N)) defined 
as 

Udrf = il.',!/ . [t/,t k l ] = VV-W. (4-31) 

with (t^y = tj 1 (or (ISj)* = L 3 ^ and V i = 0, the Maurer-Cartan equations are 

dL*j = iL\ A L k j . (4.32) 

Here i run over (1,2, a), where a denote the SU(N — 2) indices. One can then define the 
generators of the coset group SU(N)/ (SU(N — 2) x 17(1)) as 

a a = L\ , S a = L\ , fi = L\ - L\ , v = h\ , (4.33) 

and those of SU(N - 2) x 17(1) as 

L\ = L\ + ±Q6% , Q = L\+ L\ . (4.34) 

With those new basis, the Maurer-Cartan equations of our interests, for examples, take the 
form as 

cfyi = 2iv A v + ia a A a a - zS a AS", dQ = ia a A a a + «S a A S a . (4.35) 



Let us first consider the D-term conditions. Since for a single instanton simple 
c-numbers, we can solve explicitly the D-term condition with £ a = 5 ai ( 2 as 



where U is an U(N) element. The two useful quantities in our discussion are summarized 
as 

tr{ (qoqo) Udtf} = - % - (CV + u 2 Q) - ida (4.37) 
tr{ (q q ) UdUl UdU^} = - [u 2 + upj + ^Qfi + ^^^ a + ^y^S a S a ) , 
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where da denotes the one-form corresponding to t/(l)(c U(N)) generator that rotates 
overall phase of qi. For the single instanton, the moduli space metric ( 4.20|) of U(N) 
non-commutative theory can be described as 



ds 2 



c 



2 u 



IT 



<hr + ^ I 1 - - 

4 V u 



+ u * v9 + — ^— — o a o a + ^-^£ a £ a , (4.38) 



which is known to be Calabi metric [P9j] . The one- form gauge field ( 4,23| ) on the moduli 
space now becomes 



A A dz J 



C 2 1 



whose field strength is therefore 



dA = ^ (-2( 2 — A fi + 2i( 2 v Av + i(u 2 + ( 2 ) a a Aa a + 
ZiUb \ u 



(4.39) 

i (u 2 - C 2 ) S a A £ a 

(4.40) 



As mentioned before, the single Chern-Simons instanton can carry the electric charge ( 4.14 ) 
even in the symmetric phase v = 



Q 



N 



8tt 2 k 



1 



N 







_i 2 _/cT3 N 

-Itv-2 i 2u 2 1 0, 



(4.41) 



and no angular momentum. We note that, for commutative SU{2) gauge theory, the 
charge matrix Qn identically vanishes. It agrees with the fact that there is no non-abelian 
Chern-Simons coupling for SU{2) group. 

Especially for a single instanton in U{2) gauge theory on noncommutative space, the 
moduli space metric is Eguchi-Hanson space with the metric the moduli space metric of 
the non-commutative U{2) single instanton now becomes 



ds z 



-4- 

,4 ! °S 



(4.42) 



which is nothing but the Eguchi-Hanson metric. Here, Oi are the standard SU{2) invariant 
one-forms 



o\ = — sin ipd6 + cos ip sin Odip 
o"2 = cos ipd6 + sin ip sin 6dip 
o"3 = dip + cos 6dip , 

which satisfy d<Ji = A a^. The gauge field Aa can be expressed as 



A 



2u 2 



cr 3 + da , 



(4.43) 



(4.44) 



- 23 - 



whose field strength now becomes the unique normalizable self-dual harmonic two-form on 
the Eguchi-Hanson space [29] 

C 2 / 2 \ 
T = dA = ^ l--duAa 3 + aiAa 2 j ■ (4.45) 

When we take the commutative limit £ — > with ignoring overall U(l) factor, the moduli 
space is reduced to the orbifold C 2 /Z% and the gauge field A a disappears. This disap- 
pearance is again consistent to the non-existence of the single Chern-Simons instanton for 
SU(2). For two identical instantons in the U(l) theory on noncommutative space, the 
moduli-space metric is again Eguchi-Hanson and the 1-form A is again identical to that of 
the single instanton in the U (2) theory as shown in the previous paragraphs |j(J] . 

For U(N) with N > 2, one can easily see that the (N — 1) wedge product of the 
magnetic field strength ( 4.4C| ) is of order one in the radial coordinate u, making it non- 



normalizable. Thus this product is not the normalizable middle form discussed in Ref. p9| . 
One concludes that the Eguchi-Hanson case is an exceptional one. 

4.4 Quantization of A Single Instanton Moduli Space 

We now restrict our attention only on the commutative five-dimensional field theories, 
i.e., C — > as wen as ignoring da (U(l)) effect. Since the asymptotic Higgs vev is not 
developed, non-abelian gauge symmetry SU (N) is not broken. We therefore expect that a 
single Chern-Simons instanton can carry charges in a certain representation under the gauge 
symmetry SU(N). In order to specify the representation, we will discuss the quantization 
of the single Chern-Simons instanton moduli space and then find out the ground state 
degeneracies. 

In the £ — > limit, the metric of the moduli space becomes 

2 2 2 

ds 2 = du 2 + ^ 2 + u 2 vv + ^-a a a a + yS a S a , (4.46) 
while the Chern-Simons effect on the moduli space for the present model is given by 

8n 2 K A A dz A = . (4.47) 



One can show that the uniform magnetic flux F, proportional to the Kahler two-form on 

SU(N) 

SU(2)xSU(N-2)xU(l) ■ 



the coset space Q = G / H = su(2)xSUW-2)xU(i) 1 ^ s now t urne d on in the moduli space 



87T 2 kT = (a a A a a + S a A S a ) , (4.48) 

from which the quantization of the Chern-Simons coefficient 

8vt 2 k = n , (4.49) 
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could be also understood as the Dirac quantization. While we have not worked out the 
detail, one can see that the coset space becomes CP 2 when N = 3, which has non- 
contractable two-cycles. Thus, we might assume the existence of two non-contractable 
two-cycles on the coset space for N > 3. The Dirac quantization could be understood as 
the quantization of the total flux on each such two-cycle. 

As we noted before, the moduli space of a single instanton is a hyper-Kahler cone 
over the tri-Sasakian space SU(N)/U(N — 2), which is a S , J7(2)-bundle over the coset 
space G = SU(N)/SU(2) x SU{N - 2) x 17(1). Thus, the moduli space consists of the 
radial motion along the cone direction, a SU(2) motion and the coset space motion. We are 
interested in the ground state dynamics on the moduli space with magnetic field only along 
the coset space as one can note from Eq. (4.48). Thus, the radial motion would be irrelevant 
in the discussion and the wave function along the SU(2)-Sbie would settle down as the 
s-wave on S 3 . The problem in considerations would be reduced to the Landau problem 
of a charged particle moving on the coset space Q under the background £7(1) gauge field. 



Somewhat similar problem has been analyzed extensively in [31, |32]. As a shortcut, we will 
just sketch the basic idea how to analyze the representation, or degeneracy of the ground 
states. For details, it is referred to |3l], |32|] . 

When a particle moves on the coset space Q = G/H (with the background gauge fields), 
energy eigenstates of the system should be in certain representations under G. Since the 
background gauge field A fl4.47| ) is turned on only along the £7(1) direction in H, the 
eigenstates are singlet under SU(2) x SU(N — 2), implying that they can be represented 

as B, its complex conjugate B and their symmetric tensor products without any trace part. 
We will denote such representations by (p, q) (p-times symmetric products of B and g-times 

products of B). One can show from Eqn. (|4.47| ) that a state in (p,q) carries £7(1) charge 
p — q, which has to be identified as the background charge 87t 2 k = n, that is 



p — q = n. 



(4.50) 



Assuming n > without loss of generality, one can conclude that q can play the role of 
the Landau level index because higher dimensional representation states are in the higher 
energy levels. For the lowest Landau level (q = 0, or p = n), the degenerate ground states 

are therefore in the representation of K-times symmetric products of B, i.e., 



( SU(N) Young tableaux 



(4.51) 



As non-trivial cross checks of these results, let us consider the case of N = 2. Since 
there is no Chern- Simons terms for the gauge group SU(2) in the five-dimensional theories, 
the instanton should be in a singlet whatever value the coefficient k is. The result above in 



(4.51) agrees with this expectation. For the case of N = 3, the coset space can be identified 



- 25 - 



as the projective space CP 2 whose lowest Landau levels under the n-unit magnetic field 
are well-known to be 



I I I I I I J ( 5*7(3) Young tableaux ) , (4.52) 

n 

nothing but the complex conjugate of the representation above. One can therefore again 
see the agreement. 
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A. the ADHM Formalism and the Higgs Solutions 

Using the ADHM method, the field strength can be expressed as 

F mn = -2fj^ n Vbfa%W , (A.l) 

where b ] = (0 2 k,n, ±2k)- a s VmnVLn = ^ at \ we S et 
F 2 

1 it 



inn 



Vbfa a tfVVbfa a tfV 



Note that 



and 



Thus 



16 

= SVbftfV - 3VbfM m fM m ftfV + iff mn Vbfa a M m fM n ftfV (A.2) 



d m f = ~f{d m f- l )f = ~2fM m f (A.3) 
D m (VbfbW) = -AVbfM m fbW (A.4) 
D 2 m (VbfbW) = SVbftfV - l -F 2 mn (A.5) 



Thus, the hermitian field strength satisfies 

tr^(0=«lndet(/) (A.6) 



We present an ADHM solution for the equation ( 3.10 ) 



= - A Fl n (A.7) 
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where fields are in N x N matrix representation. We now replace F 2 by using Eq. ( |A.5| ). 
This leads to 

D 2 m $ = - (sVbftfV - Dl(VbftfV)) (A.8) 



or 



D 2 m ($ + ^VbfbW) = 4«V7 W (A.9) 



For simplicity we introduce 

= 5> -+- 

2 



^ = <& + t lvbfb ] V (A.10) 



which satisfy 

D 2 m ^> = AnVbfb^V (A.ll) 



We solve this equation with the ansatz 



* = \v V ° )V (A.12) 
g 2 V ®1 2 1 



4 
9 

where a linear operator L is defined so that 



D 2 m V = \Vbf (lL<p + q iV q?j ftfV (A.13) 



Lip = -[a m ,[a m ,(p]]--{qiqi,(p} (A.14) 



Thus the equation = 2 K Vbf 2 tfV can be solved if 

9 



r.2 



Ltp + q^<7i) - 8tt 2 k1 k = (A.15) 



Note that the above equation is invariant under (q, tp) — > (q,tp) + c(1at,1^). Once the 
solution is known, the traceless scalar field configuration would be 

•w - v ( f _ , ,° W) . l2 ) F - si* '» det ' < A - 16 > 

where the traceless condition implies that ti^q + tr^y? = 0. 
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